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Abstract—Hidden Markov models (HMM’s) for automatic
speech recognition rely on high-dimensional feature vectors to
summarize the short-time properties of speech. Correlations
between features can arise when the speech signal is nonstationary
or corrupted by noise. We investigate how to model these correla-
tions using factor analysis, a statistical method for dimensionality
reduction. Factor analysis uses a small number of parameters to
model the covariance structure of high dimensional data. These
parameters can be chosen in two ways: 1) to maximize the like-
lihood of observed speech signals, or 2) to minimize the number
of classification errors. We derive an expectation–maximization
(EM) algorithm for maximum likelihood estimation and a gra-
dient descent algorithm for improved class discrimination. Speech
recognizers are evaluated on two tasks, one small-sized vocabulary
(connected alpha-digits) and one medium-sized vocabulary (New
Jersey town names). We find that modeling feature correlations
by factor analysis leads to significantly increased likelihoods and
word accuracies. Moreover, the rate of improvement with model
size often exceeds that observed in conventional HMM’s.

Index Terms—Automatic speech recognition, discriminative
training factor analysis, expectation-maximization (EM) algo-
rithm.

I. INTRODUCTION

H IDDEN Markov models (HMM’s) for automatic speech
recognition [21] rely on high dimensional feature vec-

tors to summarize the short-time, acoustic properties of speech.
Though front-ends vary from recognizer to recognizer, the spec-
tral information in each frame of speech is typically codified in
a feature vector with thirty or more dimensions. In most sys-
tems, these vectors are conditionally modeled by mixtures of
Gaussian probability density functions (PDF’s). In this case, the
correlations between different features are represented in two
ways [16]: implicitly by the use of two or more mixture com-
ponents, and explicitly by the nondiagonal elements in each co-
variance matrix. Naturally, these strategies for modeling corre-
lations—implicit versus explicit—involve tradeoffs in accuracy,
speed, and memory. This paper examines these tradeoffs using
the statistical method of factor analysis.

The present work is motivated by the following observation.
Currently, many HMM-based recognizers do not include any
explicit modeling of correlations; that is to say—conditioned
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on the hidden states, acoustic features are modeled by mixtures
of Gaussian PDF’s withdiagonalcovariance matrices. The rea-
sons for this practice are well known. The use of full covari-
ance matrices imposes a heavy computational burden, making it
difficult to achieve real-time recognition. Moreover, one rarely
has enough data to (reliably) estimate full covariance matrices.
Some of these disadvantages can be overcome by parameter-
tying [2], e.g., sharing the covariance matrices across different
states or models. But parameter-tying has its own drawbacks: it
considerably complicates the training and decoding procedures,
and it requires some artistry to design the tied HMM’s.

Unconstrained and diagonal covariance matrices clearly rep-
resent two extreme choices for the hidden Markov modeling of
speech. The statistical method of factor analysis [7], [24] repre-
sents a compromise between these two extremes. The idea be-
hind factor analysis is to map systematic variations of the data
into a lower dimensional subspace. This enables one to repre-
sent, in a very compact way, the covariance matrices for high di-
mensional data. These matrices are expressed in terms of a small
number of parameters that model the most significant correla-
tions without incurring much overhead in time or memory. For
this reason, we shall often refer to factor analysis as a strategy
for dimensionality reduction [18]. However, it should be em-
phasized that factor analysis does not merely project a high di-
mensional feature vector into a low dimensional one.

In this paper, we investigate the combined use of mixture
models and factor analysis in HMM’s for automatic speech
recognition. Applying factor analysis at the state and mix-
ture component level [9], [11] results in a powerful form of
dimensionality reduction, one tailored to the local properties
of speech. This approach effectively combines two popular
strategies in probabilistic modeling—clustering and dimen-
sionality reduction. The combination of these two methods
gives rise to alocal linear model—local, because each mixture
component models different facets of the data, and linear,
because the dimensionality reduction is geared to Gaussian
mixture components. Many variants on local linear models
have been proposed in the machine learning literature. Suc-
cessful applications include handwritten digit recognition [11],
data compression [14], nonlinear image interpolation [3], and
articulatory modeling of electropalatographic data [4].

Factor analysis uses a small number of parameters to model
the covariance structure of high dimensional data. For automatic
speech recognition, these parameters can be chosen in two ways:
1) to maximize the likelihood of observed speech signals, or 2)
to minimize the number of classification errors [1], [12], [13],
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[17]. In this paper, we derive both an expectation-maximization
(EM) algorithm for maximum likelihood estimation and a gra-
dient descent algorithm for improved class discrimination. To
the best of our knowledge, neither form of factor analysis has
been previously applied to hidden Markov models for automatic
speech recognition.

Briefly, the organization of this paper is as follows. In Section
II, we review the method of factor analysis and describe what
makes it attractive for large problems in speech recognition. In
Sections III and IV, we present the learning algorithms for max-
imum likelihood (ML) and minimum classification error (MCE)
factor analysis. In Section V, we give results on two tasks in
automatic speech recognition: connected alpha-digits and New
Jersey town names. Finally, in Section VI, we present our con-
clusions as well as ideas for future research.

II. DIMENSIONALITY REDUCTION

Factor analysis [7], [24] is alinear method for the dimen-
sionality reduction of Gaussian random variables. It is closely
related to principal components analysis (PCA) [6] in which
one extracts the subspace defined by the largest eigenvectors
of the covariance matrix. In traditional PCA, the data vectors
are projected into this subspace, resulting in a simple form of
dimensionality reduction. Though straightforward, PCA has
two important disadvantages: 1) it does not define a proper
density model outside the subspace of principal components;
and 2) componentwise variations outside this subspace are
modeled uniformly, even when the data does not warrant such
an assumption. These disadvantages are serious drawbacks
for HMM-based speech recognition. The first undermines
the probabilistic formulation of HMM’s, while the second
precludes the use of composite data vectors (e.g., cepstra plus
delta-cepstra) that combine features at different scales. Factor
analysis does not suffer from either of these drawbacks, though
it does contain traditional PCA (and also probabilistic versions
of PCA [23], [27]) as a special limiting case.

Having described factor analysis as a linear method, we
should emphasize that its application is not limited to strictly
Gaussian PDF’s. The combined use of mixture densities and
factor analysis—resulting in anonlinear form of dimension-
ality reduction—was first applied by Hintonet al. [11] to the
modeling of handwritten digits. Essentially, a mixture of factor
analyzers patches together the linear subspaces defined by its
individual components to parameterize a globally nonlinear
(but low-dimensional) manifold.

In this section, we first review the method of factor analysis
for multivariate Gaussian PDF’s. We then extend the method to
mixture models and continuous density HMM’s. The problem
of parameter estimation is considered separately in Sections III
and IV.

A. Multivariate Gaussian PDF

Let denote a Gaussian random variable with mean
. If the number of dimensions, , is very large, it may be pro-

hibitively expensive to estimate, store, multiply, or invert a full
covariance matrix. The idea behind factor analysis is to find a
subspace of much lower dimension, , that captures most

of the variations in . To this end, let denote a Gaussian
random variable with zero mean and identity covariance matrix

(1)

We now imagine that the variableis generated by a random
process in which is a latent (or hidden) variable; the elements
of are known as thefactors. Let denote an arbitrary
matrix, and let denote adiagonal, positive-definite
matrix. We imagine that is generated by samplingfrom (3),
computing the -dimensional vector , then adding inde-
pendent Gaussian noise with variances to each component
of this vector. The matrix is known as thefactor loadingma-
trix. The relation between and is captured by the conditional
distribution

(2)

The marginal distribution for is found by integrating out
the hidden variable , or . The
calculation is straightforward because both and
are Gaussian

(3)

From (3), we see that is normally distributed with mean and
covariance matrix . It follows that when the diagonal
elements of are small, most of the variation inoccurs in the
subspace spanned by the columns of. The variances
measure the typical size of componentwise fluctuations outside
this subspace. In general, these variances may be quite different
from one another. Hence, unlike PCA, (3) can model a distribu-
tion in which two vectors with the same projection onto
have quite different likelihoods.

Covariance matrices of the form have a number
of useful properties. Most importantly, they are expressed in
terms of a small number of parameters, namely the
nonzero elements of and . If , then storing and
requires much less memory than storing a full covariance ma-
trix. Likewise, estimating and also requires much less data
than estimating a full covariance matrix. Covariance matrices of
this form can be efficiently inverted using the matrix inversion
lemma [20]

(4)

where is the identity matrix. This decomposition also
allows one to compute the probability with only
multiplies, as opposed to the multiplies that are normally
required when the covariance matrix is nondiagonal. We will
refer to covariance matrices of the form asfactored
covariance matrices. As a theoretical aside, note that if we allow
the number of factors to equal the number of dimensions (i.e.,

), then we recover the ability to parameterize an arbitrary
covariance matrix, . This is done by choosing the columns of
the factor loading matrix, , to be parallel to the eigenvectors
of .
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Viewing factor analysis as a latent variable model, we can
also compute the posterior distribution, . The statistics
of this distribution are derived in Appendix A. Computing the
posterior statistics of the hidden variableis an important step
in the EM algorithm for ML factor analysis. We will return to
the problem of parameter estimation in Section III.

B. Hidden Markov Models

Nearly all speech recognizers rely on Gaussian PDF’s to
model the short-term properties of speech. These PDF’s are
associated with the state emission densities of continuous
density HMM’s. Often, the dimensionality of acoustic feature
vectors is too large for these PDF’s to employ full covariance
matrices. Instead, correlations are modeled implicitly by
mixtures of Gaussians with diagonal covariance matrices.
Intuitively, one might expect the mixture components to model
discrete types of variability, such as the speaker’s gender
or local dialect. However, mixture models are not geared to
modeling continuous types of variability, as might arise from
coarticulation effects or background noise. Clearly, both types
of variability—discrete and continuous—are important for
building accurate models of speech. Factor analysis provides
a way to model continuous variability without incurring the
overhead associated with full covariance matrices.

Consider a continuous density HMM whose feature vectors,
conditioned on the hidden states, are modeled by mixtures of
Gaussian PDF’s. A mixture of factor analyzers [9] is a mixture
of Gaussian PDF’s, each having the form of (3). We can use
these models as output distributions for each hidden state

(5)

(6)

The mixture components in (5) and (6) are indexed by the sub-
script . All of the recursive algorithms for computing statis-
tics in HMM’s can be applied to these models. The main dif-
ference—or advantage—is that here one can compute
with fewer operations than is normally required for full covari-
ance matrices. This is done by exploiting the special structure of
factored covariance matrices, as shown by (4). We will refer to
these models as FA-HMM’s and to HMM’s with diagonal co-
variance matrices as DG-HMM’s.

Clearly, an important consideration when applying factor
analysis to speech recognition is the choice of acoustic features.
In our experiments, we used a thirty-nine dimensional feature
vector consisting of the first twelve cepstral coefficients (with
first and second derivatives) and the normalized log-energy
(with first and second derivatives). There are known to be
correlations [16] between these features, especially between
the different types of coefficients (e.g., cepstrum and delta-cep-
strum). While these correlations have motivated our use of
factor analysis, it is worth emphasizing that the method applies
to arbitrary feature vectors. Indeed, whatever features are used
to summarize the short-time properties of speech, one expects

correlations to arise from coarticulation effects, background
noise, speaker idiosyncrasies, etc.

III. M AXIMUM LIKELIHOOD FACTOR ANALYSIS

The simplest learning criterion for continuous density
HMM’s is to maximize the likelihood of observed speech
signals. The expectation-maximization (EM) algorithm [24] is
a general iterative procedure for estimating the parameters of
latent variable models. In this section, we begin by reviewing
the EM algorithm for maximum likelihood factor analysis [24].
This is done for the multivariate Gaussian PDF of Section
II-A. We then consider the extension to mixture models and
continuous density HMM’s. The EM algorithm for mixtures of
factor analyzers was first derived by Ghahramaniet al. [9].

A. Multivariate Gaussian PDF

Consider the multivariate Gaussian PDF from (3). Appealing
to its representation as a latent variable model, we may derive
an EM algorithm for obtaining maximum likelihood (ML) es-
timates of the parameters, , and . For the parameter ,
an iterative procedure is not generally required, since one can
simply set equal to the sample mean (which is the ML es-
timate). However, by deriving the EM algorithm here in full
generality, we will considerably simplify the extension (Section
III-B) to mixture models and continuous density HMM’s. In this
respect, our derivation of ML factor analysis will differ slightly
from standard treatments.

To begin, let denote a sample of data points. The
EM procedure is a two-step iterative procedure for maximizing
the log-likelihood, , with given by (3). The
E-step of this procedure is to compute the-function

(7)

The right hand side of (7) depends on, and through
the statistics of the posterior distribution, .
Some useful properties of this distribution are summarized in
Appendix A. Of particular importance are the posterior statis-
tics

(8)

(9)

where the shorthand in (9) denotes the variation about the
conditional mean, or . Note that the condi-
tional covariance, , does not depend on the partic-
ular value of ; as a practical matter, this means that it does not
have to be recomputed for each data point.

The M-step of the EM algorithm is to maximize the right hand
side of (7) with respect to, , and . To this end, let us define
the new vector quantities

(10)

(11)
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These quantities measure the variation of each data point and its
expected factors about the sample means. Note that and

are measures of sample variance, as opposed to posterior
averages such as , which measure the uncertainty
in induced by a single data point. The definitions of

and are useful insofar as they allow us to write the
EM updates in an especially compact form. In Appendix B, we
show that maximizing (7) leads to the iterative updates

(12)

(13)

(14)

where are the diagonal elements of. These updates are
guaranteed to converge monotonically to a (possibly local) ex-
tremum of the log-likelihood. Note that it is important to per-
form the updates in the order shown, since (for example) the

-update depends on the re-estimated value of. Naturally, for
the updates in (13) and (14) reduce to the ML estimates

for independent Gaussian random variables.
The reestimation equations are supported by various intu-

itions. In (12), for example, the factor loading matrix is rees-
timated by finding the least-squares solution that projects the
variation in (about its mean) into a lower dimensional sub-
space. In (13), the mean is used to account for the average offset
between each observation and its reconstruction by the factors.
Finally, in (14), the variances are used to account for two types
of variation in : those outside the dimensionality-reduced sub-
space (the first term on the right hand side), and those within the
dimensionality-reduced subspace (the second term). All these
intuitions extend to the more elaborate models considered in the
next section.

B. Hidden Markov Models

One can readily integrate the EM algorithm for factor anal-
ysis into the ML training of continuous density HMM’s. The
parameter updates for FA-HMM’s have a similar structure to
the Baum–Welch updates for conventional HMM’s (i.e., those
whose Gaussian PDF’s employ diagonal or full covariance ma-
trices). In fact, the main novelties—which arise from the special
form of factored covariance matrices—were introduced in the
previous section.

With that in mind, let us reconsider the HMM whose ob-
servations are conditionally modeled by (5) and (6). Suppose
that represents a sequence of training data. The
forward–backward procedure [21] enables one to compute the
posterior probability, , that the
HMM used state and mixture componentto generate . Let

denote the total probability mass (oreffective

number of feature vectors) attributed to stateand mixture com-
ponent . The parameter updates for FA-HMM’s may be viewed
as a specialization of (12)–(14) to each hidden state and mixture
component, in which the observations are weighted by their
posterior probabilities, . Analogous to (10) and (11), we de-
fine for each state and mixture component the vector quantities

(15)

(16)

where denotes an expectation with respect to the pos-
terior distribution, . In terms of these
vectors, the EM updates are given by

(17)

(18)

(19)

The reader should note the similarities in structure between
(17)–(19) and (12)–(14). The FA-HMM updates have es-
sentially the same form as (12)–(14), except that now each
observation is weighted by the posterior probability, .

As usual, in the case where multiple sequences are available
as training data, the sums overshould be interpreted as sums
over sequences as well [21]. Finally, we note that the updates for
mixture weights and transition matrices in FA-HMM’s are iden-
tical to those in conventional HMM’s [21]. (This should be clear
since FA-HMM’s form a subset of HMM’s whose Gaussian
PDF’s employ full covariance matrices.)

IV. M INIMUM CLASSIFICATION ERRORFACTOR ANALYSIS

Ultimately, we evaluate a speech recognizer by its accuracy,
not by the likelihood scores of its component HMM’s. Hence,
maximizing the likelihood—while arguably the simplest crite-
rion for parameter estimation—is not always the most desirable
one. In fact, because continuous density HMM’s represent only
approximately correct models of speech, maximum likelihood
estimates are not guaranteed to produce accurate recognizers,
even in the limit of infinite training data. Moreover, empirically
it is well known that maximizing likelihoods does not always
translate into minimizing error rates. We will see an example of
this—for connected alpha-digits—in Section V-A.

For all these reasons, many researchers have proposed
alternative criteria for parameter estimation that more directly
relate to the empirical error rate [1], [12], [13], [17]. In this
paper, we consider the minimum classification error (MCE)
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criterion as described by Juanget al. [12]. For each utterance,
the MCE criterion relates the event of a recognition error
to the log-likelihood ratio between correct and competing
hypotheses, where each hypothesis represents one possible
labeling of hidden states. In this section, we show that this type
of discriminative training can be applied to FA-HMM’s. To
keep the paper self-contained, we begin by reviewing the basic
framework for MCE parameter estimation. We then consider a
simple example—how to train a classifier based on competing
Gaussian PDF’s. This example is analyzed for the special case
of factored covariance matrices. Finally, in the last part of the
section, we extend the method to continuous density HMM’s.

A. Discriminative Training

Let denote a labeled sample of data points,
where the label indicates that belongs to one of
classes. If we have statistical models for the class-conditional
distributions, , then we can construct the maximuma
posteriori (MAP) classifier that labels each point by its most
probable assignment

(20)

For simplicity, let us assume that the class labels havea priori
equal probabilities, or , so that the rightmost term
in (20) can be ignored. The empirical error rate on the training
data, , is then given by

(21)

where denotes the unit threshold function, and the max
operation ranges over all labels except the correct one. Note that
(21) computes the classification error for each data point in two
steps. First, the max operation is used to find the most likely
incorrecthypothesis. Second, the threshold function is used to
register an error if this hypothesis ismorelikely than the correct
one.

Suppose now that the statistical models, , are ex-
pressed smoothly in terms of parameters,, at our disposal.
In what follows, we will assume this dependence implicitly,
rather than writing out wherever we encounter
probabilities. The goal of discriminative training is to find the
parameter values that minimize the empirical error rate. Note,
however, that (21) does not define a differentiable function
of the log-likelihoods: both the step function and the max
operation give rise to singular gradients. This makes it difficult
to directly minimize the empirical error rate. Our strategy,
following earlier work [12], is to construct a smooth objective
function that mimics the behavior of (21). This is done in
two steps. First, we replace the max operation by a softmax:

. Second, we replace the threshold
function by a sigmoid function: . In
particular, for the th data point, let

(22)

denote the log-likelihood-ratio between the softmax-smoothed
competing hypothesis1 and the correct one. The function

provides a smooth measure of the misclassification of. The
MCE loss function is obtained by substituting this smoothed
log-likelihood ratio into a sigmoid function

(23)

Minor variations [12] on this loss function can also be consid-
ered by generalizing the softmax and sigmoid functions. The
important result is that (23) is a smooth function of the log-like-
lihoods, .

The goal of discriminative training is to minimize the MCE
loss function with respect to the parameters. We can update
these parameters by gradient descent, in which at each iteration

(24)

where is a positive learning rate, or more generally, a
positive-definite matrix. Note that in the MCE loss function,
(23), all the dependence onenters through the log-likelihoods,

. We can therefore use the chain rule

(25)

to decompose the partial derivatives in (24). Equations
(22)–(25) provide the general framework for MCE parameter
estimation. The specific form of the update equations neces-
sarily depends on the parameterization of the class-conditional
distributions, . For a given parameterization, however,
the only requirement is to compute the gradients with respect to

. In the rest of this section, we examine two cases of special
interest.

B. Multivariate Gaussian PDF’s

Suppose that the class-conditional distributions are mul-
tivariate Gaussian PDF’s with factored covariance matrices.
Discriminative training requires us to compute the gradients of

, where for a particular class

(26)

Let denote the covariance matrix in (26). In
Appendix C, we show that the gradients of are given
by

(27)

(28)

(29)

1If the number of classes,Y , is very large, one can restrict the sum overy in
(22) to theN -best alternatives, whereN � Y .
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where denotes theth vector element. The inverse covari-
ance matrix that appears in (27)–(29) can be computed
efficiently using the lemma in (4). Naturally, these gradients
also reduce to the correct form for diagonal covariance matrices,
when no factors are present.

The parameter updates for class-conditional Gaussian PDF’s
are computed from (24) and (25). In practice, one chooses a pos-
itive-definite matrix, , to ensure that each parameter update
has roughly the same magnitude effect on the MCE loss func-
tion. This is achieved by scaling the gradi-
ents by the variance, . Also, as is standard practice [12], the
variance parameters are updated in the log domain to enforce
the constraint of nonnegativity.

C. Hidden Markov Models

In this section, we consider how discriminative training can
be applied to FA-HMM’s for automatic speech recognition.
Suppose that FA-HMM’s are being used to model subword
units, such as context-dependent phones. Training data in this
setting consists of variable-length utterances and their seg-
mentations into strings of phones or sub-phones. In particular,
the segmentations label each frame of speech by the state of a
particular HMM. We can naturally view these labels astargets
for the Viterbi decoding of the recognizer. Learning to match
these targets is a form of MCE parameter estimation, where the
class-conditional distributions of (21) are the state-emission
densities of HMM’s, and the hypotheses in (22) range over the
possible segmentations of each recognized utterance. Here we
consider the special case where the feature vectors, conditioned
on the hidden states, are modeled by mixtures of Gaussian
PDF’s with factored covariance matrices.

For this type of discriminative training, we must compute the
gradients of the state-emission densities with respect to their pa-
rameters. In FA-HMM’s, these distributions are given by (5) and
(6). The gradients for mixtures of factor analyzers are a straight-
forward extension of our previous results. In particular, consider
a segmented utterance in which the feature vectoris assigned
to state of an FA-HMM. Also, let denote the pos-
terior probability that within state, the feature vector is at-
tributed to mixture component. Then the required gradients
are

(30)

The gradients on the right hand side of these equations are given
by (27)–(29) from the previous section. Besides these parame-
ters, one may also adapt the mixture weights, , by gra-
dient descent. In practice, one adapts the transformed parame-
ters , where ; this is done to en-
force the constraints and . In this
case, the necessary gradients are given by

(31)

Given these gradients, the parameter updates are again com-
puted from (24) and (25). For each state and mixture compo-

nent, one considers a different positive-definite matrix, ,
that multiplies the gradients in the learning rule. In particular,
this matrix is used to scale the gradients
by the variances, . In the experiments that follow, we com-
puted the MCE loss function for each utterance, and updated the
parameters on an utterance-by-utterance basis. In addition, the
softmax in (22) was approximated by considering only the four
best alternatives to the correct segmentation. In these respects
and others, we followed the procedure outlined in earlier work
[12].

V. EXPERIMENTS

Continuous density HMM’s were evaluated on two tasks in
automatic speech recognition, one small-sized vocabulary (36
words) and one medium-sized vocabulary (1219 words). The
same front end was applied to both tasks. For signal processing,
waveforms were pre-emphasized and blocked into 30 ms
frames at every 10 ms interval. For feature extraction, frames
were Hamming windowed, autocorrelated, and processed by
LPC cepstral analysis to produce a vector of twelve liftered
cepstral coefficients. The feature vector was then augmented by
its normalized log energy value, as well as temporal derivatives
of first and second order. Overall, each frame of speech was
described by thirty nine features. These input features were fed
directly to the HMM’s described below.

A. Connected Alpha-Digits

As a small vocabulary task, we considered the recognition of
alphanumeric strings (e.g., N Z 3 V J 4 E 3 U 2). Easily con-
fused letters such as B/P, C/Z, and M/N make this a challenging
problem in speech recognition. The training and test data [25]
for this task were recorded over a telephone network and con-
sisted of 14 622 and 7255 utterances, respectively. The speech
recognizers were built using 285 left-to-right HMM’s, each of
which modeled a context-dependent sub-word unit. Nonzero
transition probabilities were fixed to uniform values. Testing
was done with a free grammar network (i.e., no grammar con-
straints).

We trained continuous density HMM’s with both diagonal
and factored covariance matrices. Our first experiments con-
sidered the maximum likelihood (ML) training procedure de-
scribed in Section III-B. We ran several experiments, varying
both the number of mixture components and the number of fac-
tors allocated to each state in the HMM’s. The goal was to de-
termine the best model of acoustic feature correlations.

Table I summarizes the results of these experiments. The
columns from left to right show the number of mixture com-
ponents ( ), the number of factors (), the word error rates
(including insertion, deletion, and substitution errors) on the
test set, the average log-likelihood per frame of speech on the
test set, and the CPU time to recognize twenty test utterances
(on an SGI R4000). Not surprisingly, given the large amount
of training data, both word accuracies and likelihood scores
increase with the number of modeling parameters. Neverthe-
less, the table shows that adding factors leads to significant
improvements in performance, at roughly the same rate as
adding mixture components.
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TABLE I
RESULTS FOR DIFFERENT ML

RECOGNIZERS ONCONNECTEDALPHADIGITS. THE COLUMNS INDICATE THE

NUMBER OF MIXTURE COMPONENTS(C), THE NUMBER OF FACTORS(f ), THE

WORD ERRORRATES AND AVERAGE LOG-LIKELIHOOD SCORES ON THETEST

SET, AND THE CPU TIME TO RECOGNIZE20 UTTERANCES

Perhaps the most interesting comparisons are between
models with the same number of parameters. The overall
number of parameters is proportional to . A useful
rule of thumb is that FA-HMM’s with two factors have the
same number of parameters as DG-HMM’s with twice as many
mixture components. The left graph in Fig. 1 shows a plot of
the average log-likelihood versus the number of parameters,
or ; the stars and circles in this plot indicate recog-
nizers with DG-HMM’s and FA-HMM’s, respectively. One
sees quite clearly from this plot that given afixed number of
parameters, models with factored covariance matrices tend
to have significantly higher likelihoods. The right graph in
Fig. 1 shows a similar plot of the word error rates versus the
number of parameters. Here one does not see much difference;
presumably, because HMM’s represent only approximately
correct models of speech, higher likelihoods do not necessarily
translate into lower error rates. We will return to this point later.

It is worth noting that the above experiments used a fixed
number of factors per mixture component. In fact, because the
variability of speech is highly context-dependent, it makes sense
to vary the number of factors, even across states within the same
HMM. A simple heuristic is to adjust the number of factors de-
pending on the amount of training data for each state (as deter-
mined by an initial segmentation of the training utterances). We
found that this heuristic led to more pronounced differences in
likelihood scores and error rates. In particular, substantial im-
provements were observed for three recognizers whose HMM’s
employed anaverageof two factors per mixture component.
Table II summarizes these results. The reader will notice that
these recognizers are extremely competitive in all aspects of
performance—accuracy, memory, and speed—with the baseline
recognizers in Table I. The likelihoods and error rates of these
recognizers are indicated by the dashed lines in Fig. 1.

(a)

(b)

Fig. 1. Plots of (a) log-likelihood scores and (b) word error rates on the test set
versus the number of parameters. The stars, connected by solid lines, indicate
DG-HMM’s; the circles indicate FA-HMM’s. The dashed lines connect the
recognizers in Table II.

TABLE II
RESULTS FORML RECOGNIZERS ONCONNECTED ALPHADIGITS

WITH VARIABLE NUMBERS OF FACTORS; f DENOTES THE

AVERAGENUMBER OF FACTORS PER MIXTURE COMPONENT

All the recognizers inTables Iand IIwere trainedbymaximum
likelihood (ML) estimation. The plots in Fig. 1, however, show
that increased log-likelihoods in FA-HMM’s do not translate
directly into lower error rates. This observation motivated us to
train a number of recognizers using the minimum classification
error (MCE) criterion described in Section IV. This was done for
thethreeDG-HMMrecognizers inTable IandthethreeFA-HMM
recognizers in Table II. In each case, the parameters of the MCE
recognizer were initialized by those of its ML counterpart.
Training consisted of five iterations of gradient descent, where
each iteration involved a pass through all the utterances in the
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Fig. 2. Word accuracies of ML, MCE, and MCE+SBR recognizers on connected alphadigits shown in black, gray, and white. Each subplot compares recognizers
with the same overall number of parameters, but with different types of covariance matrices (FA versus DG).

training set. The test set error rates of these recognizers, before
and after discriminative training, are shown in Fig. 2. The figure
showsthatall therecognizershadsignificantly lowererror ratesas
a result of MCE training. At the same time, the recognizers using
factor analysis retained their edge in accuracy. This shows that
MCE training and factor analysis are complementary methods
for improving overall performance. Fig. 2 also shows the results
of a further training procedure—hierarchical signal bias removal
(SBR) [22]—designed to reduce the acoustic mismatch between
training and testing environments. This method led to further
improvements in recognition accuracy.

B. New Jersey Town Names

As a medium vocabulary task, we considered the recogni-
tion of New Jersey town names (e.g., Cranbury). Telephone
speech from two different collections [25] was used in this ex-
periment. The training data consisted of 12 100 short phrases,
each 2–4 words long, spoken in the seven major dialects of
American English. This collection of phrases was carefully de-
signed to obtain a fairly even coverage over triphone units. The
test data consisted of 2426 isolated utterances of New Jersey
town names, collected from nearly 100 speakers. The number of
town names was 1219. All the speech data was digitized at the
caller’s local switch and transmitted in this form to the recog-
nizers. The recognizers were built using 43 left-to-right HMM’s,
each of which modeled a context-independent English phone.
Phones were modeled by three-state HMM’s; the only exception
to this rule was that silence and background noise were modeled

TABLE III
RESULTS ONNEW JERSEYTOWN NAMES. THE COLUMNS INDICATE THE

NUMBER OF MIXTURE COMPONENTS, THE NUMBER OF FACTORS, AND THE

ERRORRATES FORML AND MCE RECOGNIZERS

by a single state. All nonzero transition probabilities were fixed
to uniform values.

Again, we trained continuous density HMM’s with both di-
agonal and factored covariance matrices. Since in the alphadigit
experiments, the largest gains (per parameter) occurred with
small numbers of factors, here we only considered FA-HMM’s
with exactly one factor per mixture component. The results of
ML and MCE training for several recognizers are shown in
Table III. Again we see that parameters devoted to the explicit
modeling of correlations lead to sizable reductions in the error
rate. Also, both the DG-HMM and FA-HMM recognizers are
substantially improved by discriminative training. Fig. 3 shows
plots of the classification error rate versus the number of mod-
eling parameters [i.e., ] for the ML and MCE rec-
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(a)

(b)

Fig. 3. Plots of town name error rates versus the number of parameters for
ML and MCE recognizers. The solid and dashed lines indicate recognizers with
DG-HMM’s and FA-HMM’s, respectively.

ognizers. The rate of improvement in performance (as a func-
tion of model size) is roughly comparable for DG-HMM’s and
FA-HMM’s.

VI. SUMMARY

In this paper, we have studied the combined use of mixture
densities and factor analysis for speech recognition. This was
done in the framework of hidden Markov modeling, where
acoustic features are conditionally modeled by mixtures of
Gaussian PDF’s. On two tasks—connected alpha-digits and
New Jersey town names—we have shown that mixture densities
and factor analysis are complementary means of modeling
acoustic correlations. Moreover, when used together, they can
lead to smaller, faster, and more accurate recognizers than
either method on its own. For example, comparing the last lines
of Tables I and II reveals a factor of two improvement in speed
and memory with hardly any loss in accuracy.

Both mixture models and factor analysis may be understood
as latent variable methods—the former for clustering, the latter
for dimensionality reduction. Just as mixture densities have

proved indispensable in automatic speech recognition, we
believe that factor analysis can make a similarly important con-
tribution. Both methods have a sound probabilistic framework
that enables them to be fully exploited in statistical pattern
recognition.

It is worth comparing factor analysis to other approaches [5],
[10], [26], [28] proposed for dimensionality reduction and fea-
ture space analysis in automatic speech recognition. We believe
that factor analysis has two distinguishing features. First, un-
like many strategies for dimensionality reduction, factor anal-
ysis does not merely project a high dimensional feature vector
into a low dimensional one; variations outside the reduced-di-
mensionality subspace are also modeled by the variance param-
eters, . Second, ML parameter estimation in factor analysis is
supported by an efficient, batch-update EM algorithm; this is of
considerable value even when the parameter estimates are ulti-
mately refined by gradient-based discriminative training.

In this paper, we used factor analysis to model correlations be-
tween cepstra, delta-cepstra, and delta-delta-cepstra. It is worth
emphasizing, however, that the method applies to arbitrary fea-
tures. Indeed, the ability to model correlations efficiently should
enable researchers to consider other features besides cepstra.
While cepstra have the advantage of being only weakly corre-
lated, it may be that other features (e.g., narrow-band statistics)
actually convey more information about the speech signal.

We believe that factor analysis has many potential ap-
plications to automatic speech recognition. For example, in
segmental HMM’s [19], where feature vectors encode multiple
(successive) frames of speech, factored covariance matrices
provide a natural way to model correlations over time. In model
adaptation [8], [15], [29], where parameters are reestimated
to match new testing conditions, they provide a more robust
alternative to adapting full covariance matrices. These are
only two examples; in principle, factor analysis can be applied
wherever one introduces Gaussian PDF’s.

Factor analysis should be evaluated in light of other methods
for modeling correlations. One popular method is to employ
full covariance matrices through some form of parameter-tying.
While we have presented factor analysis as an alternative to
this approach, more generally it should be viewed as a com-
plement. Certainly, the clever tying of factor loading matrices
across units, states, and/or mixture components would lead to
further improvements in overall performance (as a function of
model size). Thus, whatever gains have been achieved by tying
full covariance matrices, one would expectadditionalgains to
be achieved from tying factored ones.

Overall performance in automatic speech recognition is mea-
sured in terms of speed, memory, and accuracy. Factor analysis
can help in all three respects. Compared to full covariance ma-
trices, factored ones are easier to manipulate and more robust to
overfitting. In general, factor analysis represents a useful com-
promise between diagonal and full covariance matrices, one that
promises improvements over both extremes.

APPENDIX A
POSTERIORDISTRIBUTION

In this Appendix, we consider the properties of the posterior
distribution, , for the multivariate Gaussian PDF men-
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tioned at the end of Section II-A. The posterior distribution is
computed from Bayes’ rule as

(32)

The three terms on the right hand side are given explicitly by
(1)–(3). Because and are Gaussian, it follows from
the form of Bayes’ rule that is also Gaussian. In partic-
ular, up to a normalization constant, the posterior distribution is
given by

(33)

The statistics of the hidden variable, conditioned on the ob-
servation , are determined by the linear and quadratic terms in
the exponent of (33). In particular, the conditional mean and co-
variance are given by

(34)

(35)

where denotes an average with respect to the posterior
distribution, , and denotes the variation
about the conditional mean. Note that the right hand side of (35)
does not depend on the value of. As a practical matter, this
means that the conditional covariance matrix does
not have to be recomputed for each data point.

APPENDIX B
EM ALGORITHM

In this Appendix, we provide a more detailed derivation of
the EM algorithm in Section III-A. We begin by evaluating the

-function, (7). This is done by averaging
over the posterior distribution, , then taking
the sum over all data points. Up to a constant term (which does
not depend on , , or ), the -function is given by

(36)

where denotes an expectation over the posterior distri-
bution, . Let denote the
variation about the conditional mean of the hidden variable. We
can decompose the terms inside the expectation as

(37)

The M-step of the EM algorithm is to maximize this expression
with respect to , , and . Setting gives at once

the reestimation formulae for the mean, (13). Setting
gives

(38)

It is straightforward to eliminate from this equation using (13).
This yields the reestimation formula for the factor loading ma-
trix, (12). Finally, setting gives

(39)

Here again, eliminating via (14) leads to the desired result—in
this case, the reestimation formula for the variance, (14).

APPENDIX C
GRADIENTS

In this Appendix, we derive the gradients required for dis-
criminative training of FA-HMM’s, namely (27)–(29). To this
end, consider a multivariate Gaussian PDF with meanand fac-
tored covariance matrix . If we denote the covariance
matrix by , then the log-likelihood is given by

(40)

For discriminative training, we must compute the gradients of
with respect to the parameters, , and . The first of

these is straightforward and gives (27). For the others, we can
use the chain rule—differentiating the right hand side of (40)
with respect to , then differentiating with respect to and

. The first step is facilitated by the identities

(41)

(42)

Using these identities to differentiate (40), we obtain

(43)

From the definition , it is straightforward to
compute the gradients and . Finally, inserting
these gradients into the chain rule gives (28) and (29).
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