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Problem Mo. 1: Elock Diagrams
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fa) Findthe transfer function of this aystemn using Laplace tranaforms.

Let the output of the first summer = E1(t).

E1(t) = -5/6x(t) + 1/6 &(t)/dt

y(t) = E1(t) + 1/6 dy(t)/dt

Substituting for E1(t) => y(t) = 1/&\dt)/dt + 1/6 dy(t)/dt - 5/6x(t)
Now convert to Laplace domain:

Y(s) = 1/6 s2Y(s) + 1/6sY(s) - 5/6X(s)

Multiplying by 1/Y(s) gives... S2/6 +s/6 - 5 X(s)/Y(s) =1
=>5X(s)/Y(s) =s2/6 +s/5 -1 => 5X(s) =[s2/6 +s/6 - 1]Y(s)

e need the form Y(s)/X(s) so the transfer function

H(s) = Y(s)/X(s) =30 / [+ s - 6]

(b) Find the impulse response.

For the impulse response, x(tpé). Therefore X(s) = 1. The output response Y(s) = H(s)X(s)
which is simply H(s). So now convert Y(s) to the time domain using inverse Laplace transforms.

First we simplify the denominator by using partial fractions.

30/[€+s-6]=30/[(s+3) (s-2)] = a/(s+3) + b/(s-2)



a=30/(s-2)|.;, a=-5 b=30/(st3)] b=6
this gives Y(s) = -5/(s+3) + 6/(s-2)
Which transforming to the time domain yields.....

y(©) =[-5¢* + 6€'u(t)

( c) Determine whether the system is stable or unstable.

For a system to be stable, the poles of the transfer function need to lie in the left half portion of
the s-plane. For transfer functions containing polynomials, the roots are determined by factoring
the polynomial in the denominator (provided the degree of the numerator polynomial is equal to
or less than the degree in the denominator). For large degree polynomials, the number of roots in
the r.h.p. can be determined using Rwuth Array . For this case, the denominator can be easily
factored and the roots determined.

The denominator i s -6 Which factorsto (s+3)(s-2)

There is aroot in the r.h.p. at s = 2 therefore the systarstable.

(d) Sketch the frequency response (magnitude only) of the system using Bode plots.
Putting the equation 30 / [(s+3) (s-2)] in standard form gives:
5/[(s/3+1)(s/2-1)] S =jw

this results in a pole at w = 3 and w = 2 with a constant term of 20log|5|.



20 log 5] T, -20 dB per decade

-40dB per decade

Problem Mo. 2: Circuit analysis using Fourier transforms.

For the circuit shown below:
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(a) State all the Fourier transform theorems that are invoked when you compute the
transfer function of this circuit. You must give specific evidence to support each
theorem described (and | must be able to understand your logic!.



First note i(t) = y(t)/2 andL=1,C=1.
Using KVL: 1/cly(t)/2 dt + L/2dy(t)/dt + y(t) = x(t)
Inserting C and L =>[y(t)/2 dt + 21/2dy(t)/dt + y(t) = x(t)

Using the Integration Theorem, Differentiation Theorem, and the Fourier transfor pair X(f) = x(t)
yields...

Y(f)/2(2nf) + Y2 (j&xh)Y() + Y(f) = X(f) Factoring out Y(f) gives

YN[ 1/2(2nf) + (j2nf)/2 + 1] = X(f)  The transfer function H(f) = Y(f)/X(f) Therefore
Hf) = Y®O/X(H) =17[1/2(2rf) + (j2rf)/2 + 1] Multiply by 2j2f / 2j2nf gives the standard
form.

H(f) = 2(2=f) / [ (j2=f)* + 2(j2nf) + 1]
(b) State and prove the frequency translation theorem.

The Frequency Translation Theorem states

F{ X(t)g?P )} = X(f- fo)  Which simply means a shift in frequency in the Fourier domain

is equal to a time-delay in the time domain. The proofis as follows...

Using the Fourier integral, the expression for the Fourier transform of*%(t)e written as
fX(t)einifOt e-j2pift dt = fx(t)e-iji(f-fo)t dt
Because the Fourier is of the form X(f) Ex(t) e P dt  Substituting f for (f-fo) proves

F{ X(t)g?Pt ) = X(f - fo)
( ¢) Find the impulse response of the circuit using Fourier Transforms.

For simplification, Fourier analysis will be used to find the current i(t).

Using KVL: 1/cfi(t) dt + Ldi(t)/dt+ Rit) = x(t)



Differentiating
i(t) + Wt)/dt + Rdi(t)/dt = x(t)
Using the Differentiation Theorem gives
I(f) + (1202 1(0) + R(2nf)I() = X(f)
For the impulse response X(t)&t) => X(f) =1
Factoring out I(f) gives...
I(f) = 1/ (i2f)* + 2((j2nf) + 1]
I(f) = 1/ (j&f + 1)?
Which is of the form 1/¢ + j2xf)?
Letting « = 1 transforming to the time domain gives
i(t) = thu(t)
y(®) =2 1(t)

y(t) = 2 te'u(t)



Problem # 3
A signal is given by x(t) = sinwot and noise is given by w(t) = expft-n|) n<=t <= n+1
forn=....,-2,-1,0,1, 2

Compute the SNR.

The power of a sine wave is  Psignal /&
The power of the noise is calculated as follows....
w(t) = expg|t-n|)
Pnoise = 1/Tle“fdt fromOto 1
Pnoise = 1]& %M dt
Pnoise = /20 + 1/
The ratio of signal to noise is
Psignal/PNoise = #/(e®* + 1)

SNR is given as  10Igg(A%c/(€* + 1))

(b) compute SNR in the frequency domain and prove it is equivilent to the time domain
calculation.

The power of a sine wave in the frequency domain can be derived from the power spectral

density. The power spectral density is this case show the total averages power as an impulse
function at -fo and fo of magnitude?/A. i.e. A/43(f-fo) and A/45(f+fo).

The total average is the sum of the two..’2Ar AY/2.

By similar means the power of the noise signal can be found shown tobe the same in the frequency
domain as the time domain.

Since the powers are the same in either domain, the SNR will be the same.



( ¢) Explain how the SNR varies with wo andx.
From the equation showing the signal to noise ratio, wo does not affect aasectly
affects noise. As increases, the SNR decreases. Conceptuallyjraseases, the faster the

exponential function of the noise approaches zero thus causing less interference with the signal.



